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A solution is obtained to the p rob lem of the t e m p e r a t u r e  field induced by a surface  chemical  reac t ion  
outside and inside a spher ica l  par t ic le  moving in a liquid at  smal l  finite Reynolds numbers .  The p rob lem 
is solved by the method of coalescing asymptot ic  expansions [1] in t e r m s  of a smal l  t he rma l  P~clet  number ,  
under the assumpt ion  that  the reac t ion  takes  place under diffusion conditions. There  has been obtained p r e -  
v iously  the concentra t ion field of a r eagen t  [2] around a moving par t ic le  on whose surface  a chemica l  r e -  
act ion of the f i r s t  o rder  is taking place,  with smal l  finite Reynolds and P~clet  numbers .  Below, using the 
r e s u l t s  of  [2], there  is de te rmined  the t e m p e r a t u r e  field outside and inside of a reac t ing  sphere ,  induced 
by the t h e r m a l  effect  of the reac t ion .  

1. Statement  of P rob l em .  Method of Solution. We consider  a spher ica l  par t ic le  moving in a v iscous  
liquid; on the sur face  of the par t i c le  there  take~ place  a chemical  reac t ion ,  accompanied  by the evolution 
(absorption) of heat.  At a la rge  distance f rom the par t ic le  the flow of the liquid is a s sumed  to be homoge-  
neous,  so that the veloci ty  of the flow, the concentrat ion of the reac t ing  substance,  and the t e m p e r a t u r e  of 
the flow have the constant  va lues  U, c 0, and To, r espec t ive ly .  In the neighborhood of the pa r t i c le ,  due to the 
pe r tu rba t ions  which it in t roduces ,  the homogeneity of the veloci ty,  concentrat ion,  and t e m p e r a t u r e  f ields 
b reaks  down. The dis t r ibut ion of the veloci t ies  at smal l  finite Reynolds numbers  was found in [3, 4], andthe 
dis tr ibut ion of the concentra t ions  at smal l  finite Reynolds and P~clet  numbers  in [2]. Based on the r e su l t s  
of [2], under the same  conditions we shall  find the dis tr ibut ions of the t e m p e r a t u r e  outside and inside of a 
pa r t i c l e  in the case  of sma l l  finite values  of the t he rma l  P~clet  number .  

The t h e r m a l  conductivity equations, in d imens ionless  va r i ab les ,  for  the regions  outside and inside a 
sphere  can be wri t ten in the fo rm 

A'p =Px~- o~ (r, (~;'~t) (p) ' I ~< r ~ ~ (tL = cos O) (I.i) 

L = 5  (1.2) 

Here  T(r ,  ~) and Tl ( r  , ~) a re  the t e m p e r a t u r e  dis tr ibut ions in the flow and inside the par t ic le ;  r is a 
rad ia l  coordinate ,  r e f e r r e d  tq the radius  of the par t ic le  a; O is the angle between the radius  vec tor  and the 
d i rec t ion of the veloci ty  of the unper turbed flow; ~ is an a x i s y m m e t r i c  spher ica l  Laplace opera tor ;  Cp is the 
heat  capaci ty  of the liquid; h is the heat  of react ion;  X is the t h e r m a l  diffusivity coefficient; D is the diffusion 
coefficient;  L is the Lewis number;  PX is the t h e r m a l  P~clet  number;  ~ is the d imens ion less  ( r e f e r r ed  to 
Ua 2) flow function. 

For  the d imens ion less  flow function we use the internal  and externa l  asymptot ic  expansions obtained 
in [3, 4]; these  a re  wr i t ten  in the fo rm 
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** = T ( r - i y ( l - ~ ) [ ( i + w P ~ +  ~ 

+,  i m (l -- IX 2) 3 [t  -- exp (-- 0 (P• 

($* = ~pPx 2, P = rPx) 

(1.3) 

(1.4) 

Here and in what follows, an as te r i sk  below or above denotes internal or  external  asymptot ic  expan- 
sion, respect ively;  p is the compressed  radial  coordinate; e is the Prandt l  number.  

The boundary conditions express ing the homogeneity of the t empera tu re  far  f rom the par t ic le ,  the 
continuity of the tempera ture  and the heat balance at its surface,  as well as the boundedness of the t empe r -  
ature at the center  of the par t ic le  have the form 

r--> oo, q;--~ 0 
r = 1, q0 = ~P (1.5) 

(1.6) 
Otp 8 O@ O~ co -- c 

, = o, �9 < o~ (i,8) 

Here 6 is the rat io of the coefficients of thermal  conductivity of the par t ic le  Xt and the liquid X; ~ is the 
degree of p r o g r e s s  of the reaction;  c is the concentrat ion of the reagent  in the flow. 

The boundary condition (1.7) contains the value of the normal  component of the gradient  of the p rogres s  
of the react ion at the surface of the part icle .  To determine this value, we use the resul ts  of [2], limiting 
ourselves  to the case of a react ion taking place in the diffusion region (the reac t ion  ra te  constant is large 
in compar ison with the rat io of the diffusion coefficient to the radius of the part icle) .  We obtain 

t 3 ~ ) L P z - -  t (0.~ / = -- t -- (-12--- -g- - g - L ~ P x ~ l n P x  - 
\ O r  / ; ' ~ 1  

I [1 3 (1 + 2 0 @ _ ) l ~ ] L a P x ' l n P x §  4 " - ' U  (1.9) 

The above formulated problem (1.1)-(1.9) is close to that considered in [2]. To solve it, as in [2], we 
use the method of coalescing asymptotic  expansions. 

The internal and external  asymptotic  expansions of the reduced tempera ture  outside of the sphere will 
be sought in the form 

(p. = ~ aN (Px) ~, (r, M) (1.10) 
n = 0  

CO 

~p, = ~ ++(,+)(p~) ~r ++) (1.11) 

The asymptotic expansion Of the solution inside the sphere,  as is indicated by the conditions at the 
surface (1.6) and (1.7), must be sought in a form analogous to (1.10): 

0o 

(I) = ~ a~ (Px) (D~ (r, V) (1.12) 

With respec t  to the functions C~n(P x ) a n d  ~(n) (p• it is assumed only that the order  of their  smal l -  
ness  with respec t  to PX increases  with an increase  in the value of n. 

The t e rms  of the expansions (1o10), (1.12) will be determined consecutively f rom Eqs. (1.1), (1.2) with 
the boundary conditions (1.6)-(1.8), taking account of (1.9); the flow function entering into (1.1) is given by 

the internal expansion (1.3). 
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We d e t e r m i n e  the  t e r m s  of the expans ion  (1.11) f r o m  Eq. (1.1) and condi t ion (1.5), w r i t t e n  in e x t e r n a l  
v a r i a b l e s  (p = rP%, r = ~p?/2): 

t O(~p*,cp*). P--~'~,  r (1.13) A*qo*= p2 O(p,~) ' 

H e r e  A* is  an a x i s y m m e t r i c  Lap lace  o p e r a t o r ,  obta ined  f r o m  A by the r e p l a c e m e n t  of r by p; the func-  
t ion ~* = ~b*(p, g) is  d e t e r m i n e d  by the  expans ion  (1.4). 

The a r b i t r a r y  c o n s t a n t s ,  which r e m a i n  i n d e t e r m i n a t e  in each  s t age  of the  solut ion  of the p r o b l e m s  
(1.1)-(1.3) ,  (1.6)-(1.9), and (1.13), (1.4), a r e  d e t e r m i n e d  by c o a l e s c e n c e  of the expans ions  (1.10) and (1.11). 

2. Z e r o  and F i r s t  A p p r o x i m a t i o n s .  The  c o n s t r u c t i o n  of the solut ion s t a r t s  with d e t e r m i n a t i o n  of the 
z e r o  t e r m  of the e x t e r n a l  expans ion .  Obvious ly ,  the p r o b l e m  (1.13), (1.4) is  s a t i s f i ed  by the solut ion  

9 ~ = 0 (2.1) 

F o r  the z e r o  t e r m s  of the  expans ions  (1.10), (1.12), f r o m  (1.1)-(1.3),  (1.6)-(1.9) with P•  = 0 we ob ta in  

oo 

% = ~ (aornr 'n @ borar-m-*)Pra(~) 
m ~ O  

oo 

Oo = ~ (aom -}- bo~) rmp,n (l~) (2.2) 
Wt~B 

b o o = l ,  (6--1)maorn+(6m-!-m-t-t)bor,~=O (rn >~ t) 

H e r e  Pm(u) a r e  L e g e n d r e  po lynomia l s .  

D e t e r m i n i n g  the c o n s t a n t s  a0m and b0m by the a s y m p t o t i c  c o a l e s c e n c e  of ~o 0 with ~o(~ we obta in  

q% = r -1, q% = t (2.3) 

It is  obvious  tha t  e x p r e s s i o n s  (2.3) d e s c r i b e  the t e m p e r a t u r e  d i s t r i bu t ions  ou ts ide  and ins ide  of a s t a -  
t i o n a r y  s p h e r i c a l  p a r t i c l e  with a s u r f a c e  n o n i s o t h e r m a l  r e a c t i o n  taking p l ace  in the di f fus ion r eg ion .  

Wr i t ing  ~o 0 a s  a funct ion of the ex t e rna l  v a r i a b l e  O, we find tha t  in the e x t e r n a l  expans ion,  c~ (1) = P• 
Then,  to d e t e r m i n e  the f i r s t  a p p r o x i m a t i o n  ~o(i) for  the  e x t e r n a l  expans ion  we obtain  f r o m  (1.13), (1.4) a 
p r o b l e m  iden t ica l  to tha t  c o n s i d e r e d  e a r l i e r  [2] in finding ~ (0 .  With the c o a l e s c e n c e  of ~o(0 and ~o 0 it is 
ev iden t  f r o m  (2.3) tha t  ~o 0 d i f f e r s  f r o m  the c o r r e s p o n d i n g  funct ion ~0 f r o m  [2] only  by a cons tan t  with r - l .  
T h e r e f o r e ,  we can  i m m e d i a t e l y  w r i t e  ~o(l) in the f o r m  

~(1) = p-1 exp I1/29 (~ -- l)l (2.4) 

Going o v e r  in (2.4) to the in t e rna l  v a r i a b l e  r and expanding qo(1) in a s e r i e s  in t e r m s  of PX' we find 
tha t  in the e x t e r n a l  e x p a n s i o n , ~  1 = P~(. To d e t e r m i n e  ~o I and r  in a t w o - t e r m  in t e rna l  expans ion  we o b -  
ta in  f r o m  (1.1)-(1.3) ,  (1.6)-(1.9) the  following p r o b l e m :  

3 t 
A T 1 = -  rt~2 ( t -  ~-r @ 2-~)B, AI~D1 = 0 

Oq?l 8 001 3 ~) r = t ,  q~1=O,,-~r---~r = -- L (+ -- -g - 

r = O ,  0 1 < c r  
(2.5) 

The  so lu t ion  of p r o b l e m  (2.5) has  the f o r m  

1 3 1 X~, 
~; = ('2 4r 8"~'r 3 ) ~ -~- ~ (alto rm -~- b~m r-~n-1) Pm ([~) 

7 r t ~ O  

c~ 

3 
@1 = --  -g- r~t + ~, (am + bim) r'~P,~ (~) 

bl o = 1/2L, (6. I) all + (6 + 2) b u = a/o (3 + 6 -- L) 

(6 - -  t)rna~m + (6m + m + t) b.~ = 0 (~ >/2) (2.6) 
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By c o a l e s c i n g  ~*l = 99 0 + P• 991 with 99" (1) = 99 (0) + p •  (p (1), we d e t e r  mine  the cons t an t s  a i m  and b imo We 
obtain  

L (l  
q)~ = -- -~ -}- -~r -I- 2 

1) 3 3 3 -~ -6 - -L- -8 -~  1~ (2.7) 
4r -~ 8r ~ 2 + 6 

r = ( L - -  t) ( i 3 r 
2 8 2 ~ Iz) (2.8) 

3. T h i r d  and F o u r t h  A p p r o x i m a t i o n s .  The  t w o - t e r m  in t e rna l  expans ion ,  w r i t t e n  in e x t e r n a l  v a r i a b l e s ,  
shows that  the  t h r e e - t e r m  eXterna l  expans ion  has  the  f o r m  

~.(2) = ~(o) q_ pxT(t) -k Px~T e) 

F o r  99(2), f r o m  (1.13), us ing  (1.4), (2.1), (2o4), we  ob ta in  

(3.1) 

~ ) 4 ps i+--~---~ exp p' , O 1--~ 0 

p ---> or q~(~) -~ 0 

The  p r o b l e m  (3.2) co inc ides  with tha t  c o n s i d e r e d  p r e v i o u s l y  [2]. Us ing  the solut ion  ob ta ined  in [2] 
and d e t e r m i n i n g  the  unknown c o n s t a n t s  by  c o a l e s c i n g  99.(2) 63, t~) and 99.i (r ,  #),  we find an e x p r e s s i o n  fo r  
the a s y m p t o t i c  c u r v e  ~v(2) (p, ~): 

~(2) (p, ~) = zAb_ (L 3 - - - ~ - l n p  

"4- T %- 5: 

( 1) 1 az t 25 L T 1 (Z § l )  z ( z - -  2) In I + ~ -  
~ ( L , z ) = - - -  X- +--if-z-4 24 4 2 -~-"4- 

(3.3) 

F o r m u l a  (3.3) shows,  in p a r t i c u l a r ,  tha t  t h e r e  is  a l o g a r i t h m i c  s ingu la r i t y  in the second  a p p r o x i m a t i o n  
fo r  the e x t e r n a l  expans ion .  Going o v e r  in (3.3) to an i n t e rna l  v a r i a b l e ,  we find the coe f f i c i en t  ~2 in the in -  
t e r n a l  expans ion  (1.10): 

a~ (Px) = Px ~ In Px 

F r o m  (1.10), (1.12), (1.1)-(1.3) ,  (1.6)-(1.9) ,  f o r  992 and ~2 r e l a t i o n s h i p s  ana logous  to r e l a t i o n s h i p s  (2.2) 
(with the  r e p l a c e m e n t s  a o m - - a 2 m  , b o m - - b 2 m ) ,  wi th  the so le  d i f f e r ence  tha t  b02 = i/2 L 2, a r e  obtaif ied.  T h e r e -  

f o r e ,  a f t e r  c o a l e s c e n c e  of 99*2 and 99,(2), we i m m e d i a t e l y  obta in  

(p~ = x/~ (L 2 / r - -  t ) ,  r  = 1/;2 (L ~ - -  t )  

Simul t aneous ly  with the second  a p p r o x i m a t i o n ,  r e l a t i o n s h i p  (3.3) m a k e s  it p o s s i b l e  to ob ta in  a l so  the 
th i rd  a p p r o x i m a t i o n  for  the i n t e rna l  expans ion .  It fo l lows f r o m  (3.3) tha t  ~3 = p ) 2  The  funct ion 993(r, #) 
s a t i s f i e s  the equat ion  

2 

a~, = ~ Y~ (~) p~ (~) (3.4) 

Yo (r) = 3r 2r ~ -{- ~l - -  --~ - ~  -~- Sr' i6r 6 {- 12r' 

L 3 i 3-}- 5 - - L  

t6r ~ ~ ' ~ -  r 2 r a F r 4 r e ~--~W 

The g e n e r a l  so lu t ion  of Eq. (3.4) is  
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c~ 

% = ~ ,  [r m (r) -4- aam r m -}- ba,~r -'~-11 P,~ (1~) 
?tt~O 

%,o = 6 2 ~- ~1 --  ~ -}- ~'r s 64r a -}- 240r5 

3 t ) (3.5) 

3 t t5 ' 

lnr ~1 _~ 5 3 ( 1 t t .  ln r ' .  i )  
- - ' - s  + ~ 7 - -  + 5-7v ~- 

% , m = 0  (m~3) 

Coa lesc ing  ~ .3  = ~0 + PX~ai + PX~ In P~ ~2 + PXzq~3 fo r  r ~ ~ and the e x t e r n a l  expans ion  ~.(2) = PX ~(~) + 
P X ~  (2) at  p - * 0 ,  we find the cons tan ts  aam: 

a a o = ~ ( L , ~ ) ,  a s t = - - ~ ] ~ ,  a s ~ = 0  ( m > 2 )  (3 .6)  

F r o m  (1.2), (1.12), taking account  of (1.6), (1.8), fo r  a t e r m  of the o r d e r  P ~  in the a sympto t i c  expan-  
sion of the solut ion within the sphe re  we have 

r 

r = ~ [(p,....(i) --t:.+ + b..] ,.-P.~ (~) (3.7) 

Boundary  condi t ion (1.7) now p e r m i t s  de t e rmin ing  the cons tan ts  b$m. By v i r t ue  of (3.5)-(3.7),  (1.9) 
we obtain the r e l a t i onsh ip s  

L 2 
%o' (t)  - -  bao ~ - -  - ~ ( Q  -t- In L) 

9L+( t - -1 )  %~' (t) + ~ + (2 + 6) b a l -  6 Pa (1) = ~ \~-~- 

L ' ( ~ _  i3 , 
Ta,' (1) - -  (3 + 28) ba, - -  26~a,  (t)  = - ~  5-~L-] 

b a ~ = 0  (re>a) 

Hence 

ba0 = --  ~ + -~- (Q + In L) 

+ -~-L) ~ 2 + 8  ba~ = 6-~: -{- (l  --  ~3(t~1) 3 9L~ t . 4 - 8 t 6  

t (87 4- ~68 t5 + 96 _ 2 + 8 - 2 + 3L b. ~ ~  + = ~ q - - ~ ' l - } -  3203 33D448 ) (3.8) 

Thus ,  the th i rd  t e r m  of the i n t e rna l  expansion has the f o r m  (3.5), whe re  the coef f ic ien t s  a3m , barn a r e  given 
by the f o r m u l a s  (3.6), (3.8), r e s p e c t i v e l y .  

4. The T e m p e r a t u r e  F ie ld  Outside and Inside of a P a r t i c l e .  Heat  Flux at  the Surface  of a P a r t i c l e .  
The e x p r e s s i o n  for  the t e m p e r a t u r e  d is t r ibu t ion  in the flow sur rounding  the p a r t i c l e  has  the f o r m  (near  the 
par t i c le )  

[ ~ (t 3 3. t ' ]  
i L "~ 4r 8r ~ 8r "~" ~ 0 , = - y - + p  x --  +~7-r + + �9 )~ + 

2 
t L ~ r 

+ -Px' In P• ( - -  T + -~r ) -}- P• {~ --  -~- -} - E [~a,m (r) + bamr-m-l] Pm ([~) } 
rtt=O 

(4.1) 

He re  ~a3, re(r) and b3m a r e  de t e rmined  using f o r m u l a s  (3.5) and (3.8). 

The t e m p e r a t u r e  f ie ld  inside the p a r t i c l e  is 
2 

(4.2) 
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,/ 

/ . 2 ~  g ,,r/# tr/2 3z/~/ tr g 

Fig. 1 

F=O L=//7 

z l # z/Z 3z/ # z 

A8 ~ _ 4 9  3 ~  L 2 
240 64 + ~ + ~ (Q  -~- i n  L )  

i - - L  i - - L  [~ 3 "13] 
A~=64~-17.5) (9 12~L--i6~), Aa~=64(3+28) ( L + i )  + 2 + 5  5-~ 

With L = i ,  as is easi ly verified, @ = 1. This confirms the fact  that in the case of s imi lar i ty  of the 
concentrat ion and tempera ture  fields the tempera ture  of the par t ic le  should remain  constant.  

The thermal  Nusselt  number is determined by the formula 

1 

N = _  I 
-1  

(4.3) 

A calculation shows that the Nusselt  number can be writ ten in the following form,  coinciding with the 
corresponding express ion of [2], with 

k -+oo  : N =  2 + P + P 2 1 n P + P 2 Q  

where Q is determined by (1.9) ; P = P• L. 

Figure 1 shows the distribution of the local heat flux on a spherical  par t ic le  as a function of the Lewis 
number.  The local heat flux on the par t ic le  is equal to 

o(p / = - - - ~ r  r = l = { + p x [  .~ __(__~_ . ~ _ 9  3 3 + 5 -- L ~ P'] + L'~ px21n Px + 5 ) 

In addition to the Lewis number,  there  enter here as pa r ame te r s  also the Prandt l  number a = v/X, the 
P~clet number, and the rat io of the thermal  conductivities of the sphere and the surrounding medium. The 
values of a and of the diffusional P~clet number are  fixed; e = 1, P = i/2. The L numbers  are  taken within the 
limits f rom 0.5 to 2, which cor responds  to the rea l  values for many gases.  Then 

Px = P / L = I]~L-X 

f ----- i . t 6 3  + 0 . i 25Q - -  P•  - P x  2 [(3/mL - -  39/4) !~ + 0.034 (3tL 2 - -  i ) /2 ]  a t  5 -~  oo 

] = i . 163  + 0A25Q - -  0 . i 8 7 5 ~  - -  0.25 [ (9/8~L-1 - -  9/16) ~t + 3/1~ s @~/7 - -  13/5L-9 (3~t~ - -  1)/2] 
at 6=0 

The curves  show that, with 5~oo,  at the point where the flow encounters  the par t ic le  (0 =~) the heat 
flux at f i r s t  r i s e s  with an increase  in the Lewis number,  then, when the Lewis number becomes grea te r  than 
unity, s tar ts  to fall slowly. This is evident also from the express ion for j with 6 -~o :  0 j / 0 L  > 0 at L = 1; 
0 j / 0L  <0 at L=2.  

In the front par t  there exists a value of the angle 0 ~ 103 ~ at which j is prac t ica l ly  independent of the 
Lewis number for all values of L-< 1. At the r e a r  point (0 = 0) the density of the heat flux fails with an in- 
c rease  in L. 

In the case 5 =0 the local heat flux to the part icle  dec reases  with an increase  in L, and for each in- 
dividual value of L it decreases  smoothly f rom its g rea tes t  value at the point of impact  of the flow (0 =~) to 
its lowest value at the r e a r  point (0 = 0). 
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